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Associated Derived Invariants for Geometric Mappings
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Abstract
The invariants of the Thomas and the Weyl type for a mapping between non-symmetric affine
connection spaces are obtained with respect to the factored deformation tensor in this paper. Mo-
tivated by two invariants of the Weyl type obtained in
(
N. O. Vesić, Basic Invariants of Geometric
Mappings, [17]
)
, we founded novel invariants of the Weyl type. Invariants for almost geodesic map-
pings of the third type are searched at the end of this paper.
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1 Introduction
Many research papers and monographs are devoted to invariants for mappings between affine con-
nection spaces. Some of them are J. Mikeš [1, 6–9], I. Hinterleitner [8, 9], N. S. Sinyukov [11], M. S.
Stanković [10, 18, 19], Lj. S. Velimirović [19], M. Lj. Zlatanović [20] and many others. The Thomas
projective parameter, the Weyl conformal curvature tensor and the Weyl projective tensor [7–9,11] have
been studied and generalized by different mathematicians.
Our main purpose in this paper is to obtain some general invariants for geometric mappings. In this
research, we will continue the research from [17]. At the end of this paper, we will apply the results from
this research to obtain invariants for the almost geodesic mappings of the third type.
1.1 Affine connection spaces
An N -dimensional manifold MN equipped with the affine connection ∇ (with torsion) is the affine
connection space GAN
(
see [2–5,18–20]
)
.
The affine connection coefficients for the affine connection ∇ are Lijk and it holds L
i
jk 6≡ L
i
kj . The
symmetric and anti-symmetric part for the coefficients Lijk are
Lijk =
1
2
(
Lijk + L
i
kj
)
and Lijk
∨
=
1
2
(
Lijk − L
i
kj
)
. (1.1)
The tensor 2Lijk
∨
is the torsion tensor for the space GAN .
The symmetric affine connection space whose affine connection coefficients are Lijk is the associated
space AN .
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One kind of covariant differentiation with respect to the affine connection of space AN is defined. This
kind of covariant derivative for a tensor aij of the type (1, 1) is
aij|k = a
i
j,k + L
i
αka
α
j − L
α
jka
i
α, (1.2)
for partial derivative ∂/∂xk denoted by comma.
One identity of Ricci type with respect to the covariant derivative (1.2)
ai
j|m|n − a
i
j|n|m = a
α
j R
i
αmn − a
i
αR
α
jmn is searched
(
see [8, 9, 11]
)
, for the curvature tensor
Rijmn = L
i
jm,n − L
i
jn,m + L
α
jmL
i
αn − L
α
jnL
i
αm, (1.3)
of the space AN .
1.2 Recall to basic invariants
Let the deformation tensor for the mapping F : GAN → GAN be P ijk = ω
i
(p)jk − ω
i
(p)jk + ξ
i
jk,
p, q = 1, 2, 3, ωi(1)jk = L
i
jk, ω
i
(2)jk = ω
i
jk, ω
i
(3)jk = −
1
2
P ijk, the corresponding ω
i
(p)jk, and ξ
i
jk = −ξ
i
kj as
well.
The basic associated invariants of the Thomas type of the first, the second and the third type for the
mapping F are [17]
T˜ i(1)jk = 0, T˜
i
jk = T˜
i
(2)jk = L
i
jk − ω
i
jk, T˜
i
(3)jk =
1
2
(
Lijk + L
i
jk
)
. (1.4)
With respect to the transformation rule of the curvature tensor Rijmn of the associated space AN , it
is obtained the basic associated invariant of the Weyl type [17] for the mapping F
W˜ijmn = W˜
i
(2)jmn = R
i
jmn − ω
i
jm|n + ω
i
jn|m + ω
α
jmω
i
αn − ω
α
jnω
i
αm. (1.5)
In this paper, we are interested to obtain associated invariants for the mapping F with respect to the
factored geometrical object ωijk, i.e. for ω
i
jk = s1(δ
i
jρk+δ
i
kρj)+s2(f
i
jσk+f
i
kσj)+s3φ
i
jk , s1, s2, s3 ∈ {0, 1}.
1.3 Motivation
In [17], it is obtained associated invariants for mappings whose deformation tensors are P ijk = ω
i
jk −
ωijk + ξ
i
jk. To test the efficiency of the obtained results, the author searched the invariants for a mapping
F : GAN → GAN with respect to
(
see Corollary 1 in [17]
)
ωijk = δ
i
juk + δ
i
kuj + σ
i
jk (1.6)
The basic associated invariants for a geodesic mapping F : GAN → GAN are(
because ωijk =
1
N + 1
δijL
α
kα + δ
i
k
1
N + 1
Lαjα
)
T˜ ijk = L
i
jk −
1
N + 1
(
δijL
α
kα + δ
i
kL
α
kα
)
, (1.7)
W˜ ijmn = R
i
jmn +
1
N + 1
δijL
α
[mα|n] −
1
(N + 1)2
δim
(
(N + 1)Lαjα|n + L
α
jαL
β
nβ
)
+
1
(N + 1)2
δin
(
(N + 1)Lαjα|m + L
α
jαL
β
mβ
) (1.8)
for Li
jm|n = L
i
jm,n + L
i
αnL
α
jm − L
α
jnL
i
αm + L
α
mnL
i
jα.
2
The basic associated invariant (1.8) is different of the Weyl projective tensor
W ijmn = R
i
jmn +
1
N + 1
δijR[mn] +
N
N2 − 1
δi[mRjn] +
1
N2 − 1
δi[mRn]j .
This paper is consisted of the introduction, three sections and conclusion.
1. At the start of the research, we will present the iterative rule for obtaining novel associated invariants
of the Weyl type for a mapping F : GAN → GAN with respect to the known ones.
2. In the next section of this papper, we will pay attention to the basic invariants of the Thomas and
the Weyl types (the invariants T˜ ijk and W˜
i
jmn) for a mapping F : GAN → GAN . Motivated with
the results presented in the Corollary 2.2 in [17], we will obtain associated invariants of the Weyl
type with respect to the equality W˜ ijmn −W˜
i
jmn = 0 and generalize them by applying the iterative
process from the first section of this paper.
3. In the fourth section of this paper, we will apply the obtained results to find associated invariants
of the Thomas and the Weyl type for an almost geodesic mapping of the third type.
2 Associated derived invariants
With respect to the equations (1.2, 1.3), we get
Rααij = L
α
αi,j − L
α
αj,i = L
α
αi|j − L
α
αj|i = −R[ij]. (2.1)
Let us prove the following theorem.
Theorem 2.1. Any invariant W ijmn for a geometrical mapping F : GAN → GAN obtained with respect
to the transformation rule of the curvature tensor Rijmn of the associated space AN is anti-symmetric by
the indices m and n.
If the geometrical object
W ijmn = R
i
jmn + δ
i
jX[mn] + δ
i
[mYjn] + Z
i
jmn, (2.2)
for tensors Xij and Yij of the type (0, 2), and a tensor Z
i
jmn, Z
i
jmn = −Z
i
jnm, of the type (1, 3), is an
invariant for a mapping F : GAN → GAN , then the geometrical objects
W
(1)i
jmn = R
i
jmn −
1
N
δij
(
Y[mn] + Z
α
αmn
)
+ δi[mYjn] + Z
i
jmn, (2.3)
W
(2)i
jmn = R
i
jmn −
1
2
δij
(
(N − 1)Y[mn] − Z
α
[mn]α
)
+ δi[mYjn] + Z
i
jmn, (2.4)
W
(4)i
jmn = R
i
jmn +
1
N − 1
δi[mRjn] + δ
i
jX[mn] + Z
i
jmn
−
1
N − 1
(
δi[mXjn] − δ
i
[mXn]j
)
+
1
N − 1
δi[mZ
α
jn]α,
(2.5)
R[ij] = Rij −Rji, (2.6)
for Rij =
1
2
(
Rij +Rji
)
, are invariants for this mapping.
Proof. Let us consider the transformation rule
Rijmn = R
i
jmn +Π
i
jmn − Π
i
jmn, (2.7)
for the corresponding geometrical object Πijmn and its image Π
i
jmn.
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Let also be
Πi
j(mn) = Π
i
jmn +Π
i
jnm, Π
i
j[mn] = Π
i
jmn −Π
i
jnm,
Πij(mn) = Π
i
jmn +Π
i
jnm, Π
i
j[mn] = Π
i
jmn −Π
i
jnm.
(2.8)
With respect to the equation (1.3), one reads
Rijmn = −R
i
jnm which means R
i
jmn =
1
2
(
Rijmn −R
i
jnm
)
. (2.9)
Based on the equations (2.7, 2.8, 2.9), we get
Rijmn −R
i
jmn =
1
2
(
Πij[mn] −Π
i
j[mn]
)
+
1
2
(
Πij(mn) −Π
i
j(mn)
)
. (2.10)
After symmetrizing the last equation by the indices m and n, one obtains
0 = Πij(mn) −Π
i
j(mn). (2.11)
If substitutes the equation (2.11) into the equation (2.10), one will conclude that the geometrical
object
1
2
(
Rijmn −R
i
jnm −Π
i
j[mn]
)
is an invariant for this mapping. This invariant is anti-symmetric by the indicesm and n, which completes
the proof of the first part for this theorem.
Let us consider the equality 0 =W ijmn −W
i
jmn, i.e.
0 = Rijmn−R
i
jmn+δ
i
j
(
X [mn]−X[mn]
)
+
(
δi[mY jn]−δ
i
[mYjn]
)
+
(
Zijmn−Z
i
jmn
)
. (2.12)
After contracting it by the indices i and j and applying the equation (2.1), one gets
0 = −R[mn] +R[mn] +N
(
X [mn] −X[mn]
)
+
(
Y [mn] − Y[mn]
)
+
(
Zααmn − Z
α
αmn
)
. (2.13)
If expresses the summand X [mn] −X[mn] with respect to the equation (2.13) and substitutes it into
the equality (2.12), one will confirm the invariance W
(1)i
jmn =W
(1)i
jmn, for
W
(1)i
jmn = R
i
jmn +
1
N
δij
(
R[mn] − Y[mn] − Z
α
αmn
)
+ δi[mYjn] + Z
i
jmn, (2.14)
and the corresponding W
(1)i
jmn.
By contracting the equation (2.12) on the indices i and n, we obtain
0 = Rjm −Rjm −
(
X [jm] −X[jm]
)
− (N − 1)
(
Y jm − Yjm
)
+
(
Zαjmα − Z
α
jmα
)
, (2.15)
0 = R[jm]−R[jm]−2
(
X [jm]−X[jm]
)
−(N − 1)
(
Y [jm]−Y[jm]
)
+
(
Zα[jm]α−Z
α
[jm]α
)
. (2.16)
Based on the equations (2.15, 2.16), we also get
X [ij] −X[ij] = Rij − (N − 1)Y ij + Z
α
ijα −Rij + (N − 1)Yij − Z
α
ijα, (2.17)
X [ij] −X[ij] =
1
2
(
R[ij] − (N − 1)Y [ij] + Z
α
[ij]α
)
−
1
2
(
R[ij] − (N − 1)Y[ij] + Z
α
[ij]α
)
, (2.18)
Y ij − Yij =
1
N − 1
(
Rij −X [ij] + Z
α
ijα
)
−
1
N − 1
(
Rij −X[ij] + Z
α
ijα
)
. (2.19)
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If substitute the expressions (2.17, 2.18, 2.19) into the equation (2.12) and use the equality
δimX[jn] − δ
i
nX[jm] = δ
i
[mXjn] − δ
i
[mXn]j, we will obtain
W
(2)i
jmn =W
(2)i
jmn, W
(3)i
jmn =W
(3)i
jmn, W
(4)i
jmn =W
(4)i
jmn,
for
W
(2)i
jmn = R
i
jmn + δ
i
j
(
R[mn] − (N − 1)Ymn + Z
α
mnα
)
+ δi[mYjn] + Z
i
jmn, (2.20)
W
(3)i
jmn = R
i
jmn +
1
2
δij
(
R[mn] − (N − 1)Y[mn] + Z
α
[mn]α
)
+ δi[mYjn] + Z
i
jmn, (2.21)
W
(4)i
jmn = R
i
jmn +
1
N − 1
δi[mRjn] + δ
i
jX[mn] + Z
i
jmn
−
1
N − 1
(
δi[mXjn] − δ
i
[mXn]j
)
+
1
N − 1
δi[mZ
α
jn]α,
(2.22)
and the corresponding W
(2)i
jmn, W
(3)i
jmn, W
(4)i
jmn.
With respect to the equation (2.20) and the first part of this theorem
(
W
(2)i
jmn = −W
(2)i
jnm
)
, the invariant
W
(2)i
jmn satisfies the equality W
(2)i
jmn =
1
2
(
W
(2)i
jmn −W
(2)i
jnm
)
, i.e.
W
(2)i
jmn = R
i
jmn +
1
2
δij
(
2R[mn] − (N − 1)Y[mn] + Z
α
[mn]α
)
+ δi[mYjn] + Z
i
jmn. (2.20’)
From the equations (2.21) and (2.20’), we find the invariant
W
(2)i
jmn −W
(3)i
jmn =
1
2
δijR[mn], (2.6’)
for the mapping F , which proves the stated invariance of the geometrical object R[ij].
For this reason, the invariants for the mapping F obtained in the equations (2.14, 2.20, 2.21, 2.22)
reduce to the geometrical objects W
(1)i
jmn, W
(2)i
jmn, W
(4)i
jmn given by the equations (2.3, 2.4, 2.5).
The invariants W
(1)i
jmn, W
(2)i
jmn and W
(4)i
jmn for the mapping F : GAN → GAN given by the equations
(2.3, 2.4, 2.5) are the first, the second and the fourth associated derived invariant
(
with respect to the
invariant W ijmn given by the equation (2.2)
)
.
Remark 2.1. If X[ij] = 0, the equations (2.17, 2.18) reduce to
0 = Rij − (N − 1)Y ij + Z
α
ijα −Rij + (N − 1)Yij − Z
α
ijα, (2.23)
0 =
1
2
(
R[ij] − (N − 1)Y [ij] + Z
α
[ij]α
)
−
1
2
(
R[ij] − (N − 1)Y[ij] + Z
α
[ij]α
)
. (2.24)
By anti-symmetrizing the equation (2.23) on the indices i and j, one will obtain
0 = R[ij] − (N − 1)Y [ij] + Z
α
[ij]α −R[ij] + (N − 1)Y[ij] − Z
α
[ij]α. (2.23’)
From the difference 2 · (2.24)− (2.23′), one derives the invariants δijR[mn] and
1
N
δααR[mn] ≡ R[mn] for
the mapping F .
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3 Associated invariants for geometric mappings
LetF : GAN → GAN be a mapping which transforms the affine connection coefficients Lijk = L
i
jk+L
i
jk
∨
of the space GAN by the rule
L
i
jk = L
i
jk + s1
[
δij
(
uk − uk
)
+ δik
(
uj − uj
)]
+ s2
[(
f ijσk + f
i
kσj
)
−
(
f ijσk + f
i
kσj
)]
+ s3
[
φijk − φ
i
jk
]
+ ξijk,
(3.1)
for the corresponding coefficients s1, s2, s3 ∈ {0, 1}, the tensor ξijk of the type (1, 2) anti-symmetric by
the indices j and k, the covariant vectors uj , uj , σj , σj , the contravariant vectors φ
i, φi, the affinors f ij ,
f ij , and the geometrical objects φ
i
jk and φ
i
jk of the type (1, 2) such that φ
i
jk = φ
i
kj and φ
i
jk = φ
i
kj .
After symmetrizing the last equation by the indices j and k, one gets
L
i
jk = L
i
jk + s1
[
δij
(
uk − uk
)
+ δik
(
uj − uj
)]
+ s2
[(
f ijσk + f
i
kσj
)
−
(
f ijσk + f
i
kσj
)]
+ s3
[
φijk − φ
i
jk
]
.
(3.2)
3.1 Basic associated invariant of Thomas type
If contract the equality (3.2) by the indices i and j and use the equalities φijk = φ
i
kj and φ
i
jk = φ
i
kj ,
we will obtain
s1ψk =
1
N + 1
{
Lαkα − L
α
kα − s2
((
fαkσα + fσk
)
−
(
fαk σα + fσk
))
− s3
(
φαkα − φ
α
kα
)}
,
for ψi = ui − ui, the scalars f = fαα and f = f
α
α.
After substituting the previous expression of s1ψj into the equation (3.2), one obtains
ωijk = s2
(
f ijσk + f
i
kσj
)
+ s3φ
i
jk +
1
N + 1
δij
[
Lαkα − s2
(
fαk σα + fσk
)
− s3φ
α
kα
]
+
1
N + 1
δik
[
Lαjα − s2
(
fαj σα + fσj
)
− s3φ
α
jα
]
.
(3.3)
The basic associated invariant of the Thomas type for the mapping F is [17]
T˜ ijk = L
i
jk − s2
(
f ijσk + f
i
kσj
)
− s3φ
i
jk −
1
N + 1
{
δij
[
Lαkα − s2
(
fαk σα + fσk
)
− s3φ
α
kα
]
+ δik
[
Lαjα − s2
(
fαj σα + fσj
)
− s3φ
α
jα
]}
.
(3.4)
It holds the next lemma.
Lemma 3.1. Let f : GAN → GAN be a mapping defined on a non-symmetric affine connection space
GAN . The geometrical object (3.4) is the basic associated invariant of the Thomas type for this mapping.
Corollary 3.1. Let F : GAN → GAN be a mapping of a non-symmetric affine connection space GAN .
In the case of s1 = 0, the geometrical object
θ˜i = L
α
iα − s2
(
fαi σα + fσi
)
− s3φ
α
iα (3.5)
is an invariant for the mapping F .
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In this case, the invariant (3.4) reduces to
∗
T˜ ijk = L
i
jk − s2
(
f ijσk + f
i
kσj
)
− s3φ
i
jk , (3.6)
for the corresponding coefficients s2, s3.
3.2 Basic associated invariant of Weyl type
For the geometrical object ωijk given by the equation (3.3), one gets
ωijm|n = s2
(
f ij|nσm + f
i
m|nσj + f
i
jσm|n + f
i
mσj|n
)
+ s3φ
i
jm|n
+
1
N + 1
δij
[
Lαmα|n − s2
(
fαm|nσα + f,nσm + f
α
mσα|n + fσm|n
)
− s3φ
α
mα|n
]
+
1
N + 1
δim
[
Lαjα|n − s2
(
fαj|nσα + f,nσj + f
α
j σα|n + fσj|n
)
− s3φ
α
jα|n
]
,
(3.7)
ωαjmω
i
αn =
2
(N + 1)2
δin
[
Lαjα − s2
(
fαj σα + fσj
)
− s3φ
α
jα
][
L
β
mβ
− s2
(
fβmσβ + fσm
)
− s3φ
β
mβ
]
+
1
(N + 1)2
δim
[
Lαjα − s2
(
fαj σα + fσj
)
− s3φ
α
jα
][
L
β
nβ
− s2
(
fβnσβ + fσn
)
− s3φ
β
nβ
]
+
1
(N + 1)2
δij
[
Lαmα − s2
(
fαmσα + fσm
)
− s3φ
α
mα
][
L
β
nβ
− s2
(
fβnσβ + fσn
)
− s3φ
β
nβ
]
+
1
N + 1
δin
[
s2
(
fαj σm + f
α
mσj
)
+ s3σjmφ
α
][
L
β
αβ
− s2
(
fβασβ + fσα
)
− s3σαβφ
β
]
+
1
N + 1
[
Lαnα − s2
(
fαn σα + fσn
)
− s3φ
α
nα
][
s2
(
f ijσm + f
i
mσj
)
+ s3φ
i
jm
]
+
1
N + 1
[
Lαmα − s2
(
fαmσα + fσm
)
− s3φ
α
mα
][
s2
(
f ijσn + f
i
nσj
)
+ s3φ
i
jn
]
+
1
N + 1
[
Lαjα − s2
(
fαj σα + fσj
)
− s3φ
α
jα
][
s2
(
f imσn + f
i
nσm
)
+ s3φ
i
mn
]
+
[
s2
(
fαj σm + f
α
mσj
)
+ s3φ
α
jm
][
s2
(
f iασn + f
i
nσα
)
+ s3φ
i
αn
]
.
(3.8)
If substitute the expressions (3.7, 3.8) into the equation (1.5), and use the invariance R[ij] = R[ij] as
well, we will obtain that the geometrical object
W˜ ijmn = R
i
jmn +A
i
jmn −
1
N + 1
[
δijρ[mn] + δ
i
[mL
α
jα|n] − δ
i
[mρjn]
]
−
1
(N + 1)2
δi[mS˜jn], (3.9)
for fi = f,i ≡ f|i and
ρij = s2
(
fαi|jσα + fjσi + f
α
i σα|j + fσi|j
)
+ s3φ
α
iα|j , (3.10)
S˜ij = (N + 1)
[
Lβαβ − s2
(
fβασβ + fσα
)
− s3φ
β
αβ
][
s2
(
fαi σj + f
α
j σi
)
+ s3φ
α
ij
]
+
[
Lαiα − s2
(
fαi σα + fσi
)
− s3φ
α
iα
][
Lβjβ − s2
(
fβj σβ + fσj
)
− s3φ
β
jβ
]
,
(3.11)
Aijmn = −s2
(
f i[m|n]σj − f
i
j|[mσn] + f
i
jσ[m|n] + f
i
[mσj|n]
)
− s3φ
i
j[m|n]
+
[
s2
(
fαj σm + f
α
mσj
)
+ s3φ
α
jm
] [
s2
(
f iασn + f
i
nσα
)
+ s3φ
i
αn
]
−
[
s2
(
fαj σn + f
α
n σj
)
+ s3φ
α
jn
] [
s2
(
f iασm + f
i
mσα
)
+ s3φ
i
αm
]
,
(3.12)
is the basic associated invariant for the mapping F .
7
It is satisfied the next equalities
0 = R
i
jmn −
1
N + 1
[
δijρ[mn] + δ
i
[mL
α
jα‖n] − δ
i
[mρjn]
]
−
1
(N + 1)2
δi[mS˜jn] +A
i
jmn
−Rijmn +
1
N + 1
[
δijρ[mn] + δ
i
[mL
α
jα|n] − δ
i
[mρjn]
]
+
1
(N + 1)2
δi[mS˜jn] −A
i
jmn,
(3.13)
S˜ij = S˜ji, so S˜ [ij] = 0, (3.14)
δimL
α
jα|n − δ
i
mL
α
nα|j
(2.1)
= −δimR[jn] ⇒ δ
i
[mL
α
jα|n] − δ
i
[mL
α
n]α|j = −δ
i
[mRjn] + δ
i
[mRn]j , (3.15)
ρ[ij] = s2
(
fα[i|j]σα − f[iσj] + f
α
[iσα|j] + fσ[i|j]
)
+ s3φ
α
[iα|j], (3.16)
Aααij = −s2
(
fα[i|j]σα − f[iσj] + fσ[i|j] + f
α
[iσα|j]
)
− s3φ
α
α[i|j] = −ρ[ij], (3.17)
Aα[ij]α = s2
(
− f[iσj] + f
α
[i|j]σα + f
α
[iσα|j] + fσ[i|j]
)
+ s3φ
α
[iα|j] = ρ[ij]. (3.18)
The equation (3.13) holds based on the invariance W˜ ijmn − W˜
i
jmn
(3.9)
= 0. The equations (3.14–3.18)
are in effect with respect to the expressions (3.10, 3.11, 3.12) of the corresponding geometrical structures.
If contract the equation (3.13) by the indices i and j, use the symmetry (3.14) and the expression
(3.17), and with respect to the invariance −Lα[iα‖j]
(2.1)
= R[ij]
(2.6)
= R[ij]
(2.1)
= −Lα[iα|j] as well, we will
obtain
0 = −
N
N + 1
ρ[mn] +
1
N + 1
ρ[mn]✘✘
✘
✘✿
−ρ[mn]
+Aααmn +
N
N + 1
ρ[mn] −
1
N + 1
ρ[mn]✘✘✘
✘✿
ρ[mn]
−Aααmn ,
i.e.
ρ[mn] = ρ[mn]. (3.19)
Based on the equations (3.16, 3.17, 3.19), one gets
Aααij = A
α
αij , A
α
[ij]α = A
α
[ij]α. (3.20)
Hence, the basic invariant W˜ ijmn for the mapping F given by the equation (3.9) reduces to
W˜ ijmn = R
i
jmn +A
i
jmn −
1
N + 1
(
δi[mL
α
jα|n] − δ
i
[mρjn]
)
−
1
(N + 1)2
δi[mS˜jn]. (3.9’)
The next lemma holds.
Lemma 3.2. Let F : GAN → GAN be a mapping whose deformation tensor is P ijk, P
i
jk = ω
i
jk − ω
i
jk,
for the geometrical object ωijk given by the equation (3.3).
The geometrical object W˜ ijmn given by the equation (3.9’) is the associated basic invariant of the Weyl
type for the mapping F .
3.3 Associated derived invariants with respect to basic invariants
If contract the equality T˜ ijk − T˜
i
jk = 0 by any pair of indices (i, j) or (i, k) as well, we will express
the transformation rule for terms in brackets from the equation (3.4). This transformation rule will not
change the form of the invariant T˜ ijk.
With respect to the invariant W˜ ijmn for the mapping F given by the equation (3.9’), we get
Xij = 0, Yij = −
1
(N + 1)2
[
(N + 1)
(
Lα
iα|j − ρij
)
+ S˜ij
]
, Zijmn = A
i
jmn. (3.21)
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After substituting the terms (3.21) into the equations (2.3, 2.4, 2.5), and applying the invariance
Aα[ij]α = A
α
[ij]α, one confirms the validity of the next theorem.
Theorem 3.1. Let F : GAN → GAN be a mapping whose deformation tensor is P ijk, P
i
jk = ω
i
jk − ω
i
jk,
for the geometrical object ωijk given by the equation (3.3).
The geometrical objects W˜
(1)i
jmn ≡ W˜
i
jmn, W˜
(2)i
jmn ≡ W˜
(1)i
jmn,
W˜
(4)i
jmn = R
i
jmn +
1
N − 1
δi[mRjn] +A
i
jmn +
1
N − 1
δi[mA
α
jn]α, (3.22)
for the geometrical objects ρij , S˜ij, Aijmn given by the equations (3.10, 3.11, 3.12), are invariants for the
mapping F .
Corollary 3.2. The geometrical object
1
W˜ ijmn = R
i
jmn −
1
(N + 1)2
(
(N + 1)
(
δi[mL
α
jα|n] − δ
i
[mρjn]
)
+ δi[mA
α
jn]α
)
+Aijmn, (3.23)
is an invariant for the mapping F .
All associated invariants of the Weyl type for the mapping F are linear combinations of the invariants
W˜ ijmn, W˜
(4)i
jmn,
1
W˜ijmn and the compositions of the invariants of the Thomas type for the mapping F given
by the corresponding of the equations (3.4, 3.6)
Proof. With respect to the equations (2.2, 3.9’), we get
Xij = 0 Yij = −
1
N + 1
Lα
iα|j +
1
N + 1
ρij −
1
(N + 1)2
S˜ij , Zijmn = A
i
jmn. (3.24)
If substitute the geometrical objects Xij , Yij , Z
i
jmn given by the equation (3.24) into the equations
(2.3, 2.4, 2.5), we will obtain the invariants
1
W˜ijmn and W˜
(4)i
jmn given by the equations (3.23) and (3.22)
respectively.
Based on the equations (2.2, 3.22), we read
Xij = 0 Yij =
1
N − 1
Rij +
1
N − 1
Aαijα, Z
i
jmn = A
i
jmn. (3.25)
From these Xij , Yij , Z
i
jmn involved into the equations (2.3, 2.4, 2.5), we get the invariant W˜
(4)i
jmn for
the mapping F given by the equation (3.22).
From the invariant
1
W˜ ijmn, one gets
Xij = 0 Yij = −
1
N + 1
Lα
iα|j +
1
N + 1
ρij −
1
(N + 1)2
Aαijα, Z
i
jmn = A
i
jmn. (3.26)
After substituting the expressions (3.26) of the geometrical objects Xij , Yij , Z
i
jmn into the equations
(2.3, 2.4, 2.5), one obtains the invariants
1
W˜ ijmn and W˜
(4)i
jmn.
In this way, we completed the recursion for obtaining invariants of the Weyl type with respect to the
Theorem 2.1. For this reason, any other associated invariant of the Weyl type is the linear combination
of the previously obtained invariants W˜
(1)i
jmn, W˜
(4)i
jmn,
1
W˜ ijmn and the corresponding compositions of the
invariants of the Thomas type given by the equations (3.4, 3.6).
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Corollary 3.3. If the geometrical object Aijmn is
Aijmn = δ
i
jP [mn] + δ
i
[mQjn] +N
i
jmn, (3.27)
then the invariants W˜ ijmn, W˜
(4)i
jmn,
1
W˜ ijmn transform to
W˜ ijmn = R
i
jmn −
1
N + 1
(
δi[mL
α
jα|n] − δ
i
[mρjn]
)
−
1
(N + 1)2
δi[mS˜jn]
+ δijP[mn] + δ
i
[mQjn] +N
i
jmn,
(3.28)
W˜
(4)i
jmn = R
i
jmn +
1
N − 1
δi[mRjn] + δ
i
jP[mn] +N
i
jmn +
1
N − 1
δi[mN
α
jn]α, (3.29)
1
W˜ ijmn = R
i
jmn −
1
N + 1
(
δi[mL
α
jα|n] − δ
i
[mρjn]
)
+ δijP[mn] + δ
i
[mQjn] +N
i
jmn
+
1
(N + 1)2
δi[mQjn] −
1
(N + 1)2(N − 1)
δi[mN
α
jn]α.
(3.30)
Proof. If contracts the equality (3.27) by the indices i and n, one obtains
Aαijα = −(N − 1)Qij +N
α
ijα, (3.31)
After substituting the equations (3.27, 3.31) into the equations (3.9’, 3.22, 3.23), one completes the
proof for this corollary.
4 Invariants for almost geodesic mappings of third type
In attempt to generalize the concept of geodesics, N. S. Sinyukov started the research about almost
geodesic mappings [11]. J. Mikeš and his research group have continued the study about almost geodesic
mappings of symmetric affine connection spaces [1, 9].
M. S. Stanković [12–14] generalized the theory of almost geodesic mappings of symmetric affine con-
nection spaces. Many authors have continued this research [10, 15, 16, 18, 19] and many others.
There are three kinds and two types of almost geodesic mappings F : GAN → GAN .
We are interested to obtain the invariants for equitorsion almost geodesic mappings F : GAN → GAN
of both first and the second kind.
The basic equations of the equitorsion almost geodesic mapping F : GAN → GAN of a p-th kind,
p = 1, 2, are  L
i
jk = L
i
jk + δ
i
jψk + δ
i
kψj + σjkϕ
i,
ϕi|
p
j
= νjϕ
i + µδij ,
(4.1)
for ϕi|
1
j
= ϕi,j + L
i
αjϕ
α ≡ ϕi|j + L
i
αj
∨
ϕα and ϕi|
2
j
= ϕi,j + L
i
jα ≡ ϕ
i
|j − L
i
αj
∨
ϕα.
To complete this research, we need the next equalities
s1 = 1, s2 = 0, s3 = 1, φ
i
jk = −
1
2
σjkϕ
i, (4.2)
ρij = −
1
2
σiα|jϕ
α −
1
2
σiαϕ
α
|j = −
1
2
σiα|jϕ
α −
1
2
σiανjϕ
α −
1
2
µσij −
(−1)p
2
σiαL
α
βj
∨
ϕβ , (4.3)
S˜ij = −
N + 1
2
σijϕ
α
[
Lβαβ +
1
2
σαβϕ
β
]
+
[
Lαiα +
1
2
σiαϕ
α
][
Lβjβ +
1
2
σjβϕ
β
]
, (4.4)
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Aijmn =
1
2
(
σjm|nϕ
i + σjmϕ
i
|n
)
+
1
4
(
σjmσαn − σjnσαm
)
ϕαϕi
= −
1
4
µδi[mσjn] +
1
4
(
σjm|n − σjn|m
)
ϕi +
1
4
(
σjmσαn − σjnσαm
)
ϕαϕi
+
1
4
[
σjm
(
νnϕ
i + (−1)pLiαn
∨
ϕα
)
− σjn
(
νmϕ
i + (−1)pLiαm
∨
ϕα
)]
.
(4.5)
With respect to the equations (3.27, 4.5), one gets
Pij = 0, Qij = −
1
4
µσij ,
N ijmn =
1
4
(
σjm|n − σjn|m
)
ϕi +
1
4
(
σjmσαn − σjnσαm
)
ϕαϕi
+
1
4
[
σjm
(
νnϕ
i + (−1)pLiαn
∨
ϕα
)
− σjn
(
νmϕ
i + (−1)pLiαm
∨
ϕα
)]
.
(4.6)
The basic invariant for the almost geodesic mapping F is
W˜
i
jmn = R
i
jmn −
N + 3
4(N + 1)
δi[mµσjn] +
1
4
(
σjm|n − σjn|m
)
ϕi +
1
4
(
σjmσαn − σjnσαm
)
ϕαϕi
+
1
4
[
σjm
(
νnϕ
i + (−1)pLiαn
∨
ϕα
)
− σjn
(
νmϕ
i + (−1)pLiαm
∨
ϕα
)]
−
1
N + 1
[
δi[mL
α
jα|n] +
1
2
(
δi[mσjα|n] + δ
i
[mσjανn]
)
ϕα +
(−1)p
2
δi[mσjαL
α
βn
∨
]ϕ
β
]
+
1
2(N + 1)
δi[mσjn]ϕ
α
[
L
β
αβ
+
1
2
σαβϕ
β
]
−
1
(N + 1)2
[
Lαjα +
1
2
σjαϕ
α
][
δi[mL
β
n]β
+
1
2
δi[mσn]βϕ
β
]
.
(4.7)
The the fourth associated derived invariant for the mapping F is
W˜
(4)i
jmn = R
i
jmn +
1
N − 1
δi[mRjn] +
1
4
(
σjm|n − σjn|m
)
ϕi +
1
4
(
σjmσαn − σjnσαm
)
ϕαϕi
+
1
4
[
σjm
(
νnϕ
i + (−1)pLiαn
∨
ϕα
)
− σjn
(
νmϕ
i + (−1)pLiαm
∨
ϕα
)]
+
1
4(N − 1)
(
δi[mσjn]|α − δ
i
[mσjα|n]
)
ϕα +
1
4(N − 1)
δi[mσjn]
(
σαβ + ναϕ
α + (−1)pLβ
αβ
∨
ϕα
)
−
1
4(N − 1)
(
δi[mσjασn]βϕ
αϕβ + δi[mσjανn]ϕ
α + (−1)pδi[mσjβL
β
αn
∨
]
ϕα
)
.
(4.8)
The invariant
1
W˜ ijmn for the almost geodesic mapping F is
1
W˜
i
jmn = R
i
jmn −
1
2(N + 1)
[
2δi[mL
α
jα|n] +
(
δi[mσjα|n] + δ
i
[mσjανn]
)
ϕα + (−1)pδi[mσjαL
α
βn
∨
]ϕ
β
]
−
(N + 2)2
4(N + 1)2
δi[mµσjn] +
1
4
(
σjm|n − σjn|m
)
ϕi +
1
4
(
σjmσαn − σjnσαm
)
ϕαϕi
+
1
4
[
σjm
(
νnϕ
i + (−1)pLiαn
∨
ϕα
)
− σjn
(
νmϕ
i + (−1)pLiαm
∨
ϕα
)]
−
1
4(N + 1)2(N − 1)
[(
δi[mσjn]|α − δ
i
[mσjα|n]
)
ϕα +
(
δi[mσjn]σαβ − δ
i
[mσjβσn]α
)
ϕαϕβ
]
−
1
4(N + 1)2(N − 1)
[
δi[mσjn]
(
ναϕ
α + (−1)pLβ
αβ
∨
ϕα
)
− σjβ
(
δi[mνn]ϕ
β + (−1)pδi[mL
β
αn
∨
]
ϕα
)]
.
(4.9)
5 Conclusion
We developed the methodology for obtaining associated invariants for mappings between non-symmetric
affine connection spaces in this paper.
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In the Section 2, it was continued the research from about derived invariants for geometrical mappings(
see [17]
)
. We obtained three invariants W
(1)i
jmn, W
(2)i
jmn, W
(4)i
jmn from the invariant W
i
jmn
(
see the Theorem
2.1, Eqs. (2.2, 2.3, 2.4, 2.5
))
. In this section, we founded the auxiliary invariant for any mapping which
will simplify some of the invariants obtained until now.
In the Section 3, we obtained the associated basic and associated derived invariants for a mapping
F : GAN → GAN .
In the Section 4, it were applied the results obtained in the Section 3 for finding invariants for almost
geodesic mappings of the third type.
In the future researches, we will discuss about the space of invariants with respect to the results
obtained in the Section 2. The results obtained in this paper will be generalized with respect to the
transformation rules of torsion tensors under different mappings.
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